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Abstract 

We investigate how the presence of RR magnetic flirxes affects the energy of classical Dp 

branes, for specific string theory supersymmetric backgrounds which are solutions to the leading 
order in a' including back-reaction effects. The Dp brane dynamics is found to be similar to the well 
known dynamics of particles and strings moving in magnetic fields. We find a class of BPS solutions 
which generalize the BPS fundamental strings or BPS branes with momentum and winding to the 
case of non-zero magnetic fields. Remarkably, the interaction with the magnetic fields does not 
spoil the supersymmetry of the solution, which turns out to be invariant under four supersymmetry 
transformations. We find that magnetic fields can significantly reduce the energy of some BPS 
strings and Dp branes, in particular, some macroscopic Dp branes become light for sufficiently large 
magnetic fields. 
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1 Introduction 



Flux compactifications in string theory stabilize the moduli and presently provide the main frame- 
work to connect strings to the real world [1, 2]. The fluxes induce a non-trivial potential energy for 
the moduli. In addition, the fluxes can significantly affect the energy spectrum of some quantum 
states. The precise modification of the energy of a given quantum state depends on the particular 
string compactification, but there are some general features which are part of the well known physics 
of particles interacting with magnetic fields. In quantum theory, the energy of a state with electric 
charge e and spin S moving in a magnetic field is given by the formula 

E^ = k'f + 2eBS + l-S,), 1 = 0,1,2,..., -S < Sz < S . (1.1) 

For states with spin aligned with the magnetic fields, the energy is reduced and the state can even 
become tachyonic for certain values of the magnetic field, leading to instabilities. 

A natural question is whether analogous instabilities could be present in superstring theory 
in spaces containing NSNS or RR magnetic fluxes turned on in some directions. In the context 
of type II string theory, there are exactly solvable models where the magnetic field originates by 
Kaluza-Klein reduction from the metric or from the antisymmetric tensor B^^^, [3]. These models 
include gravitational back reaction effects due to the energy density of the magnetic field, and exhibit 
tachyonic instabilities for magnetic fields greater than some critical values [3, 4, 5]. 

It is possible to consider similar closed string models with magnetic field configurations that 
preserve supersymmetry [6]. In this case the physical string spectrum is tachyon free. Nevertheless, 
one can expect that for certain values of the magnetic field, the energy can bo significantly reduced 
due to a negative contribution from the gyromagnetic interaction, so that a macroscopic string of 
size 2> Is can even become light, E In this paper we will show that this is indeed the 

case and study the analog phenomenon for Dp branes. To this aim, we will consider a string-theory 
background with a RR magnetic flux which is obtained by S and T-dualities from the magnetic 
background found in [6]. 

This background has two magnetic parameters Bi, B2. When Bi = B2, the background preserves 
1/2 of the 32 supersymmetries. We will find classical string and Dp brane configurations becoming 
light for certain values of the magnetic field parameters Bi,B2. Remarkably, these solutions are 
BPS, despite the interaction with the magnetic field. The solutions break an additional fraction 1/4 
of the 16 supersymmetries of the background and therefore are invariant under 4 supersymmetry 
transformations . 

Studies of Dp brane classical solutions in fiat space can be found for example in [7] and more 
recently [8]. Different studies of the conditions to have supersymmetric Dp branes in some super- 
symmetric compactifications with Ramond-Ramond (RR) fiuxes are in [9, 10, 11]. 

The organization of this paper is as follows. In Sect. 2.1 we review the string spectrum in a 
particular flat (but globally non-trivial) background which gives rise to a magnetic field by Kaluza- 
Klein reduction; we recall the supersymmetry properties of the background and the presence of 
tachyons when supersymmetry is broken (the main points of this quantum analysis are reviewed in 
the Appendix A). In Sect. 2.1.1 we identify BPS states for the supersymmetric background with 
Bi = B2. In Sect. 2.2 we construct a family of classical solutions which corresponds to BPS states by 
solving the classical equations of motion. In Sect. 2.3 we show that these classical solutions indeed 
preserve a fraction of supersymmetry, by using both cartesian and polar coordinates. In Sect. 3.1 we 
study the background obtained by a T-duality transformation; this background contains explicitly 
a B^i, field and the metric is curved due to the back reaction produced by the magnetic energy 
density. The spectrum, and in particular the BPS states, are obtained from Sect. 2.1 by the 
standard T-duality rules. In Sect. 3.2 we consider a family of classical solutions corresponding 
to the BPS states by solving the classical equations in the background of Sect. 3.1 by using the 
Polyakov formalism. In Sect. 3.3 we repeat this computation using the Nambu-Goto formalism; this 
is done in preparation for the study of classical Dp-branes solutions, whose dynamics is governed by 
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the Dirac-Born-Infeld action. In fact, in the case of the Dp-branes, studied in Sect. 4, the method 
and the various steps for obtaining the solutions will be seen to be essentially the same. We find a 
family of BPS classical solutions, the energy spectrum being a generalization of the BPS spectrum 
in the magnetic background discussed in Sect. 3. One important feature of the result is the presence 
of light states which have macroscopic features. This result is further discussed in Sect. 5. Finally, 
in the Appendix B we consider another family of classical F-string solutions in the background of 
Sect. 3 (or, equivalently, D-string solutions in the background of Sect. 4). These solutions, although 
not BPS, are nevertheless interesting because they generalize to a non-flat background with fluxes 
the widely studied case of the folded rotating string. 



2 Fundamental string in magnetic backgrounds 
2.1 Magnetic fields from Kaluza-Klein reduction 

We shall consider a simple magnetic string model given in terms of the background [6] 

ds2 ^ _^^2 _^ ^^2 _^ ^^2 _^ ^^2 ^ rf(^dipi + Bidyf + drl + rl{dip2 + B2dyf , (2.1) 

where all other supergravity fields arc trivial and s = 6, 9. This is an exact conformal string model, 
since the metric is flat. It is globally non-trivial, due to the fact that y is a periodic coordinate, 
y = y + 2ttR. 

The background preserves 1/2 of the 32 supersymmetries provided 

Bi = ±B2 . (2.2) 

The string model is a simple generalization of the non-supersymmctric string model with B2 = 
that was solved in [3]. The exact physical string spectrum is found in a similar way and it is given 

by [6] 

a'M2 = 2(7V^ + TVfl) + «'(^ - Jl - B^J^f + ^ 

- 2BiRm{JiR - Jil) - 2B2Rm{J2R - J2L) , 
Nr - Nl = mn , 

where Bi and B2 are in the interval < 71,2 < 1, 71,2 = -Bi,2-R"^- For other intervals the spectrum 
is repeated periodically in the parameters 71.2 with period 1. The angular momentum operators for 
the two planes (n, (^i) and (ra, (^2) are given by 

J = Jr + Jl, Jl,r = ± (il,r + ^L,R , (2.4) 

where for the sake of clarity we omitted the obvious indices 1,2. N^^fi = 0, 1, 2, .... are the standard 
excitation number operators of flat-space type II superstring theory and 5l,_r are the standard 
Left and Right contributions to the flat-space spin operator (the main points of the derivation are 
reported in the Appendix A, see [3] for details). The parameters Il,r = 0, 1, 2, ... are orbital angular 
momenta (Landau numbers). The parameters m,n represent winding and momentum in the y 
direction. If there are other compact coordinates among the Xs, then their winding and momentum 
contributions to the energy is added in the standard way as in the flat case. The spin operators 
satisfy the inequalities 

\Sil,r + S2l,r\^^l.,r + 1 , \Sil,r-S2l,r\^^l,R + '^ ■ (2-5) 

One finds that > for Bi = ±i?2 (sec Appendix A), but The spectrum contains tachyons in 
some regions of the parameter space [3, 6], if Bi ^ ±i?2. For example, consider a state with the 
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following quantum numbers: 



Nr = Nl=0, SiR = -SiL = 1 , S2R 

liL,R = hL,R = , m = 1 , n 
so that Ji = J2 = , JiR — JiL = 1 , J2R — J2L = —1 and 

a'M^ = ^ - 2(Si - B2)R . 
a' 



S2L 
, 



(2.6) 



(2.7) 



The state becomes tachyonic for Bi — B2 > R/{2a'). In the case Bi = B2, the full spectrum is 
tachyon free for any Bi, consistently with supersymmetry. 

Another example is a state classically identical to the BPS state discussed below, see Sects. 2. 1.1 
and 2.2. In Appendix A we show that, for instance for B2 = 0, this state can have M'^ < in some 
parameters range. For B2 = Bi (taking here both positive) the positive zero point energy of the 
Landau levels in the plane 2 (a quantum effect of the sigma model) insures that > 0. 

Therefore the classical analysis, that would give as a sum of contributions > 0, is not enough 
to guaranty the absence of tachyons, if supersymmetry is completely broken. However, this occurs 
when in parameters regions where the classical result for the mass is microscopic, that is of the order 
of the inverse string length or of the inverse compactification radius. 

Most of the present paper is devoted to the study of states having macroscopic features but 
microscopic mass. Those are precisely the cases which could give rise to tachyonic instabilities, if 
they are not protected by supersymmetry. 

In [12, 13] the D brane spectra in the background (2.1) has been determined by using the 
boundary state formalism, exhibiting a number of interesting features (the orientifold spectrum was 
studied in [14]). In section 4, instead, wc will be interested in studying Dp branes not in (2.1), but 
in backgrounds containing fluxes, which are obtained from (2.1) by dualities. The spectrum, 
and the physics in general, are clearly different in each case, the former [12, 13] being analogous to 
a neutral particle (or zero-winding string) moving in the geometry (2.1) (and on the curved-space 
generalization discussed in section 3), whereas the latter (section 4) involves a physics which is 
similar to that of a charged particle moving in a magnetic field. 



2.1.1 BPS states 

In the Bi = B2 = case, an important class of quantum string states are the BPS string states with 
[15] 

Nl = , NR = mn . (2.8) 

Then becomes a perfect square: 



/,^9 „ /"■^ m^R^ ,fn mR\ 



or 



Mbps 



n mR 

r'^~^ 



(2.9) 



(2.10) 



Note that mn = Nr > 0. When mn < 0, there are BPS states with Nr = 0, Nl = —mn for which 

mR 



Mbps = 



n niR 
R~~^ 



+ 



a' 



(2.11) 



We now look for similar supersymmetric states in the presence of magnetic fields i?i,i?2- We 
will restrict to the case B\ = B2 = B where the background preserves 16 supersymmetries. The 
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state (2.8) has the energy 



a'M^ = 2mn + a'^ + - 2Ba'^{Ji + J2) - 2BmR{JiR + J2R - Jil - J2l) ^2 12) 

This becomes a perfect square if J\ + J2 = JiR + J2R — Jil — J2L, i-e., 

SlL + S2L = -l-hL- l2L . (2.13) 

Since A''^, = 0, Si^2L can be zero or ±1 and \Sil + S2l\ < 1- This imphes Iil = I2L = and the 
following possible values: 

{Sil,S2l) = (-1,0) or (0,-1) . (2.14) 



Then we get 



^ips=(S + ^-5(Ji + J2)T • (2.15) 



R a' 



Remarkably, the mass square is a perfect square which indicates that the state is still supersymmetric 
despite the presence of the magnetic fields. It is worth noting that in the case Bi ^ B2, is not 
a perfect square. Moreover, the state can become tachyonic above some critical magnetic field. 

Assume for definiteness B > 0, m,n > 0. Taking into account the fact that mRB < 1 and 
(Ji + J2) < Nr = mn, one can see that ^ — B{Ji + J2) > and therefore eq. (2.15) can be written 
as 

Mbps = M- + 



a' 



77 

-S(Ji + J2) . (2.16) 



R 



This form will be suitable for comparison with the energy of classical strings. 

The effect of the magnetic field on a quantum state with spin aligned with the magnetic field 
is to reduce its energy. The maximum reduction is attained for the state with maximum spin 
Sir + S2R — Nfi + 1 and Ii^2R — 0, so that Ji + J2 = Nr — nm. For this state 



Mbps = M- + 
a' 



^ — Bmn 
R 



(2.17) 



The minimum mass occurs when B approaches the limit of the interval, BRm — > 1, where 



Mbps - ^ . (2.18) 
a' 

Assuming that R is of the same order of magnitude as a', this implies that there are states with 

very large n and small m which become light (mass of 0{R/a')) at some magnetic field. Such states 
have a macroscopic mass = 0{n/R) ^ in the absence of magnetic fields. 

This result can be understood from the periodicity of the spectrum: the full quantum string 
spectrum at BRm ^ 1 is the same as the spectrum at i? = 0, with some relabelling of the states. In 
the coordinate system where the metric becomes Minkowski at i? = 0, a given large classical string 
becomes very light, E l/Zg, as BRm approaches 1. But when BRm — > 1 the metric approaches the 
Minkowski metric in another coordinate system where the polar coordinate is (p'l 2 = ^1.2 + y/mR. 
The energy (2.18) then corresponds to a state with n' = and orbital angular momentum (see sect 
2.2). 



2.2 Classical BPS solution 

There is an exponential number = 0( exp(2\/27r\/7VR)) of quantum states satisfying the condition 
Nn = mn, Nl = 0. A particular class of classical solutions representing a small subset of these 
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states is given by 

Z2 = rae'^^ = X3 + 1X4 = L2 e'^^'^+^'^^^ , 19) 

t = KT , 

y = mRa + qr . 

where < (T < 27r and m, ki, k2 are integer numbers. When ki = k2 = I, these solutions represent 
the states with maximum angular momentum having Sm + S2R = Nn + 1. 

In section 2.3, we will show that these solutions are indeed supersymmetric. Classically, the 
condition (2.14) docs not appear, since it arises due to normal ordering terms. The classical string 
description applies when N^, Jji^ 1 and Si^^L = — 1 becomes negligible. 

In this subsection we will reproduce the energy (2.16) of the quantum string states for the cases 
of the circular BPS ("chiral") string (2.19). The Polyakov action is given by 

S = [dadrf - datdat + d^yday + rl{dafi + Biday){dafi + Bid^y) 

Ana' J V (2.20) 

+ rl {daip2 + B2day) {da'P2 + B2day)^ ■ 

Here the indices a are contracted with the world-sheet metric hap = diag(— 1, 1). Then the string 
equations of motion are automatically satisfied provided 

{ka + BamR) = ±{^^a + B^q) , a = 1,2, (2.21) 

which follow from the r<i equations of motion assuming that both L\, L2 are different from zero. 
In addition, from the Virasoro constraints, we get the following conditions 

2 

mRq + J2 ^li^a + BamR){uJa + Baq) = , (2.22) 

a=l 

2 

R'+q^+J^Ll [{ka + BaTTlRf + {uja + B^qf^ . (2.23) 
a=l 

Combining these equations, we find 

2 2 
n'' = {mR±qf + Y,Ll{{ka + B^mR)±{uJa + Baq)) . (2.24) 
0=1 

Using (2.21), this gives 

= (mi? ± qf , (2.25) 

where the plus sign holds for the solution with [ka + BaTuR) = — (Wa + Baq) (the "Right" circular 
string) whereas the minus sign holds for the solution with {ka + BainR) = {ua + Baq) (the "Left" 
circular string). 

Now we would like to express the energy in terms of the physical conserved quantum numbers 
Ji , J2 and m, n. We have 

Jo 6{drt) a' 

/■27r <rc t2 

Ja = / da— = ^{Wa + Baq) , (2.26) 



? 9 



R~Jo 



'^'^6^y) ^ ^ (« + -^1^1 + + -^2-82(^2 + 529)) . 
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Using (2.25) we find 

' " n 



^ — BiJi — B2J2 



(2.27) 



reproducing exactly the result (2.16) of the quantum string spectrum, upon setting Bi = B2. 

As mentioned in the previous subsection, for some parameters, there are states that have macro- 
scopic features but have microscopic energy. Take for instance a string in the plane 1 that is 
L2 = J2 = with m = 1, n large and mRBi = 1 — m,n > (inside the periodicity interval). 
Choosing k\ = —1 and using (2.21) and (2.26) we get J\ = mn and 

The energy is microscopic for R ~ y/a' but the string is large in the non compact space; from (2.26) 
one finds 

= , , = — ^ (2-29) 

\ki+mRBi\ Umn ~ mRBiJijl 

which gives Lf = mn^a' ^ a' for this state. In a coordinate system tp'^ = + y/mR the string 
state that has energy (2.28) corresponds to a small string with orbital angular momentum in a large 
orbit. 

More generally, for any BPS state one can choose coordinates (p'^ = <fi — k\y/mR so that 
B[= Bi-\- k\/{Rm) and the new classical solution is represented by the ansatz (p'-^ = u}{t, therefore 
k[ = 0, with the same J[ = Ji, m' = m and zero momentum along y, i.e. n' = 0. It represents a 
string extended only in the compact dimension y, and looking like a particle on a large cyclotron 
orbit with radius Li in the non-compact space. In this solution, instead of a large size we get a large 
radius of the orbit. This is in agreement with the periodicity of the spectrum mentioned in Sect. 
2.1.1. 

Later we will be interested in the case of Dp branes in a background with a RR flux where 
the full quantum spectrum is not known and it is not clear whether the spectrum can have any 
periodicity. 



2.3 Supersymmetry 

In this section we will prove that the circular strings (2.19) with Bi = B2 preserve a fraction 1/4 of 

the 16 supersymmetries of the background (2.1). 

As shown in [6], the background with Bi = B2 preserves 16 supersymmetries satisfying the 
condition 

(1 - ri234)£ = , (2.30) 

where ri234 = rir2r3r4 and are the ten-dimensional Dirac matrices, {F^, Ti,} = 2g^,y. As we 
will see below, F1234 = 71234 where 7^ are the Minkowski space Dirac matrices, {7^, 7^} = 27]^,^. 

In type IIA theory, for the circular string (2.19) with winding and momentum we will find in 
addition two conditions: 

705£ = T£ , 7057ii£ = s ■ (2-31) 

The minus or plus sign arise for the Right or Left circular string (they are related to the signs in 
= {mRi: q)). From these conditions we conclude that the circular string of section 2.2 preserves 
1/4 supersymmetries of the background, leaving four unbroken supersymmetries. The reduction of 
1/4 is due to the presence of two charges, winding (fundamental string charge) and momentum (the 
"wave" ) . 

Remarkably, the conditions (2.31) are the same conditions that one obtains in the Bi = B2 = 
case, so the interaction with the magnetic background does not break any additional supersymmetry. 
There is only a reduction by a factor 1/2 because the background Bi = B2 itself preserves 1/2 of 
the 32 supersymmetries of the type IIA theory. 
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1. A classical string solution is supersymmetric if there exist covariantly constant (Killing) spinors 
£ such that [16, 17] 

V£ = £ , (2.32) 
where F is the K-symmetry matrix [18], which in the type IIA theory is given by 

^ = / -^^-^'%^7ii , V = ^[r;,, r.] , (2.33) 

-^-detGa/3 ^ 

and Gai3 = daX^d^X^Qfj^i,. We begin by using Cartesian coordinates. The matrices must satisfy 
the Dirac algebra {F^, F^} = 2£f^,^ for the metric (2.1), which in Cartesian coordinates becomes, 

ds^ = -dt^ + dxl + (1 + Bl{xl + xl) + Bl{xl + a;4))da;5 + dxl + dxl + dxl + dx\ 
+ 2BiXidx2dx^ — 2BiX2dxidx^ + 2B2Xidxidx^ — 2B2Xidxidx^ , 

where i = 6, . . . ,9. The Dirac matrices are given by 



F;, = 7;. , M 7^ 5 , 

Ts = 75 + Bi (a;i72 - X2'yi) + B2 (^374 - ^473) . 



(2.35) 



Consider the solution (2.19) (t = Xq, y = X5) 



Xq = KT , X5 = niRa + qr , 

Xl = Li cos(/ei(T + (jJit) , X2 = Li sin(fcicr + lvit) , (2.36) 
X3 = Z/2 cos(fc2cr + U)2t) , Xi = L2 sin(fc2<T + W2t) . 

We now consider eq. (2.33). Making use of the results of the previous subsection 2.2, the deter- 
minant of the induced metric can be written as 

2 

V-detGa;3 = TO^i?^ + ^ ^2 ^fc^ + mRBaf . (2.37) 

a=l 

and 

X^ X'^ T = —KkiX2TQi + nkiXiTi^)2 — nk2X4rQ^ + Kk2X^TQ4^ + nmRVf)Y-, 

+ (a;iF25 - a;2ri5) [toimR - kiq) + (a;3r45 - a;4r35) [uj2mR - feg) . 
2 

= «;mi?705 + ^ X2a-1 |«;(fca + mRBa)j02a + {cOamR - kaq)^2a5^ (2.38) 

a=l 

2 

-^X2a\^li{ka + mRBa)'yo2a-l + {^^amR - kaq)'y2a-15^ ■ 

a=l 

Hence, the supersymmetry condition (2.33) becomes 
2 

(^705 -'^e'^X2a-i{Pa'y02a-j + <3a72a-i 5 }) 711^ = ^ , «,i = 0, 1 , (2.39) 



a=l 



where e'-' is the complete antisymmetric Levi-Civita symbol, with e"^ = 1 and 

"'"^ - + , ""^ ' '-'^ (2.40) 



^- det Ga0 ' " -y/^detG^ ' " det Go,/? 
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If we chose a constant spinor, e = sq, eq. (2.39) implies 

^7o57iieo = £o , (2.41) 
{Palob + Qa7b5)7ii£o = 0, = 1,2, 6=1,. ..,4. (2.42) 

The first equation will leave half of the supersymmetries of the background if, and only if, A = ±1. 
Multiplying the second condition by 755 from the left we end up with 

{Pal05 - Qahneo = , (2.43) 
which requires Pa = ±Qa- The classical string solution must therefore satisfy the conditions 

2 

KmR = m''R^ + J2Ll{ka + BamR)\ 

a—l ^ ' ^ 

K{ka + mRBa) = ±{uiamR - kaq) , = 1,2. 

From the constraints (2.21) and (2.24) one can easily see that these conditions are indeed satisfied. 
Thus we have two conditions on the Killing spinors: 

705^0 = T^o , 705711^0 = -£o , (2.45) 

as anticipated above, showing that the classical string solution preserves 1/4 of the 16 supersymme- 
tries of the Bi = B2 background. Note that conditions (2.44) are also satisfied if the string rotates 
only on one plane, i.e. L2 = 0, a;2 = = 0. 

2. It is instructive to repeat the previous derivation in polar coordinates. For simplicity, here we 
will consider a string rotating only in the plane 12, 

t = KT , ri = To , ifi = (JT + ka , y = qr + mRa , (2.46) 

and the remaining coordinates equal to zero. 
The relevant F matrices are found to be 

To = 70 , = ro7i , F^ = 75 + roB^i , (2.47) 

in fact {F^,F^} = 2rl {F^,FJ = 2r^B, {F^,FJ = 2{1 + rlB^). 
We get the condition 

{roPilo-fi + ^7o75 + roQi7i75)7iie = £ > (2.48) 

where Pi,Qi,A were given in (2.40), (2.37), now with {Li,L2) = (ro,0). This leads to the same 
conditions (2.45) as in the previous derivation. 

3 Magnetic field from Kaluza-Klein reduction from 5^^, 
3.1 The quantum string spectrum 

The model is obtained by a T-dual transformation in the y direction from the previous model (2.1). 
We recall the standard rules of T-duality [19]: 

/ _ -1 20' _ D/ _ I _ Byn , , 

iiyy iJyy ; , JDy^ , IJy^ . {O.L) 

Uvv yyv yyy 
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We get (dropping "primes" ) 

ds^ = -di^ + dxl + drl + drj + rfdipj + rldipj + A"^ (dy^ - {Birldipi + B2rldip2f^ 
e2(^-^o) = , B2 = A-\Birld^i + S2r^#2) A dy , 
A=l + B!rl+Blrl. 



(3.2) 



It represents an exact solution of string theory to all a' orders (being related by T-duality to a flat 

spacetime). 

The string spectrum is obtained from the spectrum of the previous model by exchanging m and 
n and ^ a'/R. Thus 



2{Nl + Nr) + a' 



, / mR 



BiJi — B2J2 1 + 



71 71 

2a'Bi-{JiR - Jii) - 2a'B2^{J2R - J2l) 



(3.3) 



Nr — Nl = mn . 



Now the spectrum is periodic in the parameters 71,2 = q:'Bi,2-§ with period 1. 

The state dual to (2.6) has zero winding m = and n = 1 and becomes tachyonic for Bi ~ B2 > 
1/{2R). Note that this is a Kaluza-Klein state of the supergravity multiplet. This tachyon was 
studied in [4, 5, 6]. 

Consider the supcrsymmctric model B\ = B2 = B. The BPS states have similar quantum 
numbers as in the previous T-dual case: 



Nl = Q. NR=mn, (5il, S2l) = (-1, 0) or (0,-1) 
and mass given by (cf. eq. (2.16)) 



Mbps 



n 




mR 


R 


+ 





B{Ji + J2) 



(3.4) 



(3.5) 



B is now restricted to be in the interval < a' B^ < 1, outside which the spectrum is repeated 
periodically. For the states with maximum spin Sir + S2R = Nr + 1 and Zi,2k = we get 



n 




mR „ 




+ 


— ; Bum 


R 


a' 



Mbps 



The minimum mass is achieved for a'^-B — > 1, where the mass becomes 



M, 



BPS 



(3.6) 



(3.7) 



The macroscopic strings becoming light are now strings with large m and small n. We will see that 
their size is much greater than the string length 



3.2 Classical solution for the BPS string using PolyaJcov formalism 

Wc consider a string rotating on one plane 12 only, and set r2 = <fi2 = 0- The Polyakov action 

becomes 

^ ^' ■ ^ (3.8) 



S = — / drda L 

277, 



with 



(3.9) 
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where a; = || and x' = 

The ansatz for the circular string is: 

i = K , fi = r'l = ^ ri = ro , ipi = lo , ip\=k , y = q , y' = mR . 

The equation of motion for ipi, y are automatically satisfied and the equation for n gives 



dL 



^ (w + BimRf = (fc + Biqf 



The conserved (quantized) momenta are 



Ct Jl = -r— 



, n dL 



doj 1 + B^r^ 

I'O 



(w + BimR) , 



= q 



1 + Btr'o 



givmg 



rlu = a'Ji(l + B^rl) - BirlmR , 

q = a'^il + B'frl) + rlBik . 

From the Virasoro constraint, we have rQtok + qmR = 0, which becomes 



Jik + nm = 



we get 



2 I 2 2 2 752 ( 1 I ' \ 7-i2 

g + r^LO = m R ( 1 + — ^ ] D 



2 2 

n r. 



i?2 J2 

^2 ^2 



Si 1 - a 



,-Bi Ji 
mR 



Tn-Oi 



Jl_ 

mR 



R^Jl 

The remaining Virasoro constraint gives the energy, which takes the form 
From the equations (3.11), (3.12) we get 



^1 



k- a' Bi- 



ll ( mR 



B, 



(3.10) 



(3.11) 



(3.12) 



(3.13) 



(3.14) 



(3.15) 



a'^ V -RJ R"^ \a'Ji 

which gives ro in terms of the (quantized) quantum numbers and Bi (compare with (2.29)): 

2 Oi'\jl\ Jl 



|^(sfl-BiJi)| 



(3.16) 



(3.17) 



(3.18) 



Substituting this value we get 



E = 



mR 



BiJi 



(3.19) 



This reproduces exactly the energy formula (3.5) of the quantum string spectrum for J2 = 0. 
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3.3 Classical solution for the BPS string using Nambu-Goto formalism 

Since we will be later interested in studying Dp branes, whose dynamics is governed by the Dirac- 
Born-Infeld (DBI) action, it is useful to reproduce the previous result in the Nambu-Goto formalism. 
We will see that the equations that we find for the Dp branc analog of the rotating circular BPS 
string are a simple generalization of the treatment described below. 

The Nambu-Goto Lagrangian is given by 

L=^ ^-detGc,0 + ^B^^e^'^d^X^^d/sX'' , G^p = g^.^dc^X'^OpX'' , (3.20) 



a' 



a' 



where a,P = a, r. 

We will work in the gauge Gctt = 0. By taking the same anstatz as in section 3.2 with n = ro 
and r2 = (i.e. the string rotating in one plane one only) we get 

L=-^^J{K^A-q^-r^u;^){rlk^ + m^R^) + ^rl{iomR-qk) , (3.21) 

with A = l + BfrQ. The energy, angular momentum Ji in the plane ri, ipi and the linear momentum 
in y are obtained by 

dL 



Ok a' 



K-U 



dw 



TqCJ r^k^ +m'^R^ Bir^mR 



n 
R 



dL 
dq 



u'kA 

q 

a'/tA 



u 



+ 



a'A 

Ir^k'^+m'^R^ Birlk 



(3.22) 



where 



U = 
becomes 



A-U 



q^ + r^w^ 



a'A 



The constraint equation Go 

kJi + nm = 
The equations (3.22) can be combined giving 



U 



A-U 



a'BiJi\ a' J I 



or 



U = A- 



mR 

+ D2 



mR 



(3.23) 
(3.24) 

(3.25) 
(3.26) 



Note that D"^ is the same quantity seen in the previous subsection eq.(3.15). The energy square 
of the state becomes the same expression eq.(3.16), which we now write exhibiting the explicit ro 
dependence. 



2^2 1 



n~ '■[} 
fi2 J? 



1 + Btrl 



B\ ct'BiJi . 

~2"V^ D 



a'Ji 
mRrQ 



(3.27) 



The Hamiltonian that arises after the gauge choice Xq = kt is (after substituting for q,ijj their 
expressions in terms of ^,Ji ) 



H{n/R, J,,ro) = --^ + Ji-^-L = -q + J,iv-L . 



(3.28) 
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Due to T-scaling invariance of the Lagrangian we have H = —E. Therefore the equation for ro is 
^ = and this is seen to give the same eq.(3.17) as in the previous subsection. Therefore 



E = 



+ 



mR 



(3.29) 



In this way we recover the result (3.19) found by using the Polyakov formaUsm. 

The classical description reproduces the energy of the quantum string spectrum for large quantum 
numbers also in non-supersymmetric configurations. As an example, in the appendix we compute 
the classical energy of a rotating folded string. 



4 Dp-branes interacting with a magnetic RR flux 

We consider the S-dual background to (3.2), which is given by 

ds'^ = A5 ( - di^ + dxl + drl + drl + rfdipj + rjd(fil) , 

+ A-5 (V _ ^B.rld^, + B2rld^2f) , (4-1) 
e2(0-0o) = jV , A2= e-'^''A-^{Birld(pi + B2r^#2) A dy . 

where A = 1 + Bfrf + i?!?"!. This represents a solution to the classical string equations to the 
leading order in a' . This background contains a flux which couples to a D string. In order to 
obtain magnetic flux backgrounds for the Dp brane, we perform T-duality transformations on Xs 
coordinates. Using the usual rules (given in [20]) one finds 

rfs^ = A5 ( - rft^ + dxl + drj + drl + rldtpj + rldipl) 

+ A-5 {dyl + ... + dyl - {Birfdipi + Barirff^s)') , 

g2(<^-<?io) = \3/2-p/2 ^ ^ ' ' 

Ap+i = e~'^°A~^(Birirfi^i + B^rld^pi) A dyi A dy2 A ... A dyp . 

Here s = p + 5, ...,9. 

For simplicity, here we consider a Dp-brane with p > 1 which rotates only on the 12 plane, lying at 
r2 = 0. In this case the dependence on B2 disappears. The projection of this Dp brane on the plane 12 
describes a circle with radius ri = vq. The Dp brane also moves and winds on a p— dimensional torus 
in the compact space. The compact coordinates yi have periodicity yi ^ yi + 27ri?i, i = 1, • • • ,p. It 
is convenient to formally describe the trajectory in the non-compact space ri, tpi in terms of another 
circular coordinate j/o = tqi^x such that yo ~ 2/0 + 27rro. 

The Dp brane action is given by 

2ir 



dT\{ daiL , (4.3) 



(27r)P 

where for this (r2 = 0) Dp brane the Lagrangian L becomes 

L = /ipe-^"^-^") ^-AeiGaH + det M , (4.4) 

where 

= — , 5. = , h = V^ . (4.5) 

9sls 

Here a, /? = 0, 1, • • • ,p and 
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with dsa = {dr, dai,- ■ ■ , dap) and 



with = {yo,yi,- " J Up)- Note the dimension [Bi] = [1/R]. 

We take the ansatz: 

X° = KT , ri = ro , ra = , ifi = lot + kiat , yi = qiT + fhijCFj . (4.8) 

Using our compact notation, we write yo = Qot + rhQjCjj with = and moj = rokj. Note that 

Qo^ = ija and the momenta are = -^U- . 

The constants of motions are: 

• ki\ 

• the compact windings mjj: rny = Ritnij (for yi ^ yi + 2-KRi); 

• the momenta in the compactified directions Pvi = = 

• the angular momentum Ji = |^ corresponding to the "momentum" = ^ = . 

Note that A;,, my , Ji, are integer numbers. 
We take the gauge 

This can be rewritten as ^ qa'fhaj = for each j = 1, • • • ,p. Since ^^^^rhaj = for j = 1, • • • ,p 

a=0 



and ^^-J]^^^'^ ~ go,, this imphes 

P gi P P 

"^g—maj = '^Pya.rhaj = Jikj +'^nirnij =0 , j = !,•••, p. (4.10) 

Another consequence is that the product of the matrix M times its transpose, i.e. M ■ , is bk)ck- 
diagonal and one gets dct(M) = q^dct{Gij) with q = \/X]q=o la- Also, note that Gqo = k^A — q^. 

Therefore we can rewrite the Lagrangian in this gauge as: 

L = ^^(«2A - g2) det(G,,) + ^^P^q^det{G,j) . (4.11) 

Consider now, for fixed Gij, the vector q whose components are the dynamical variables qa =ya- 
We note that L is invariant under rotations of q . Therefore we can take a frame where q = 
(g, 0, • • • , 0) getting 



Py 

from which it follows that 
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By using the relations (4.10) one verifies the following identity: 



TO i 



TO 



det (rhij) 



n 
R 



P 2 

nf 



(4.14) 



We fix n = ro by requiring |^ = where H is the Hamiltonian. This Hamiltonian describing the 
dynamics of the space coordinates at fixed k is obtained by substituting for qi,(jj their expressions 
in terms of Ji in the general formula 

p 

Tt : flltr fan ^ « Tl 

(4.15) 



„/ iH J \ Ui dyi uif ui 

H{ — , Ji,ro)=}_^^—^ + Jij^-L = }^—qi + Jiu;-L. 



dip 



Due to T-scaling invariance of the Lagrangian we have H 

dL 



-E, where the energy of the state is 



E = 



Ok 



I det(G,j) 

A - ^2/^2 



det(Gy)(l + £)2) 



(4.16) 



BiJ: 



Ji 



In the last step we have used the definitions and the identities (4.13) and (4.14). 
From now on, the calculation follows identical steps as in section 3.3. We find ro by the equation 
0. This gives again 

„2 "^1 



dr; 



'0 



Substituting this value into the above expression for E we get 



-E = — + \miJ,p - BiJi \ = 



P 2 

nf 



\ ^ + l-'^i • -^2 • • • -Rp det(TOy )/ip - BiJi\ 



(4.17) 



(4.18) 



In terms of the tension of the Dp brane Tp = jip/ {2t:)p and the volume of the torus TP this becomes 

E = . > • + |r„ Vol(TP) m-B,J, \ , (4.19) 



\ E# + KpVo1(TP)to-BiJi| 

\ i=l * 



where 



TO = det(TOij) = 



(4.20) 



is the winding number of the Dp brane around the T^'-torus. Note that the term Tp x VoI(TP) x to 
is the expected contribution to the energy of the form tension x volume x winding. This term is 

Oil/gs). 

Thus we find that the energy has the same form as the energy (3.19) of the circular BPS string 
(in the particular case J2 =0). This Dp brane solution is also supersymmetric as it is related by 
dualities to the circular BPS string. In the particular p = 2 and Bi = B2 = case, it agrees with 
the energy formula for the analogous membrane BPS solution found in [21, 22] (see eq. (2.42) in 
[22]). 

Let us now consider some physical implications of the energy formula. We take Ri Ig- In the 
absence of magnetic fields and assuming Qs <^ 1 the energy of the brane is essentially given by the 
winding contribution 

E 5^to»-^. (4.21) 
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Similarly to the case of the string, we find that there are Dp branes which become light when the 
magnetic flux gets to some value, BiJi ~ TpVol{TP)m. These are states with large m, and with rii 
of order 1. The energy becomes 



Strikingly, these Dp branes become macroscopic since ro (and in fact the proper distance) goes to 
infinity when Bi approaches TpYo\{TP)m/ Ji (see eq. (4.17)). In the absence of magnetic fields they 
have size ro ~ -^Is^/g^, which is typically small in the perturbative regime, but it may be large by 
a suitable choice of quantum numbers (satisfying of course the constraint (4.10)). 

In the case of the model (2.1), the physical string spectrum is periodic in the magnetic field 
parameters. A very interesting open question is whether the full quantum spectrum of Dp brane 
states in the background (4.2) could also have some analogous periodicity. 

5 Discussion 

To summarize, we have computed the energy of Dp branes in the presence of magnetic RR flux 

backgrounds and identified a family of BPS rotating Dp brane solutions which are invariant under 
four supersymmetry transformations. There are some potentially interesting applications. Since the 
solutions are BPS, the mass formula should be protected from quantum string theory corrections 
and therefore it should be possible to extrapolate it to strong coupling, where the gravitational field 
of the brane becomes important and these branes could become black holes, analogous to the black 
holes of [23], but moving in magnetic fields. Also, it may be possible to construct the Dp brane 
supergravity solution with the addition of the magnetic RR -F'p+2 flux by starting with a Dp' brane 
background, adding magnetic parameters as in section 2 and perform several dualities, providing a 
model for AdS/CFT correspondence which might exhibit some interesting eff'ects. 

We have seen that there are macroscopic string and Dp brane states which become light for 
some values of the magnetic field parameters Bi,B2- In general, the presence of many light classical 
macroscopic states in a non-supersymmetric background could be a sign of potential instabilities. 
In the non-supersymmetric case, the quantum spectrum is known [3, 4] to contain tachyons in some 
range of the parameters Bi,B2,R (see section 2). Such instabilities in principle can arise both 
from string modes or from supergravity modes. In the first case, like the model of section 2.1, 
where tachyons arise in the winding sector, the supergravity background is classically stable, but 
the string theory is unstable in some range of the parameters. In the second case, like the model 
of section 3.1, the supergravity background itself is classically unstable (which allows a study of 
tachyon instabilities in a field theory setting [5]). 

From the quantum spectrum (2.3) (see also appendix A), it can be seen that, when Bi ^ B2, even 
states with Nl = 0, = mn can become tachyonic (when Bi = B2 the mass squared of these states 
is manifestly positive definite). The energy of the corresponding classical solutions never becomes 
imaginary because, from the Virasoro constraint, E"^ is proportional to {X^X^ + X^ X^ )gij > 
where gij is the spatial part of the metric. The classical string may become light, but not tachyonic. 

Since the presence of fluxes in string-theory backgrounds are important for moduli stabilization, 
a very interesting question is whether instabilities could also arise for non-supersymmetric flux 
compactiflcation models in some range of the parameters. If this is the case, this eff'ect could 
constraint the number of stable vacua. A study in this direction was done in [24], looking for 
instabilities of the supergravity background. 

The reduction of the energy of a state originates due to the standard gyromagnetic interaction. 
This effect is universal and it is present for any quantum state with spin that moves in a magnetic 
fleld. In string theory, the effect can be stronger due to the existence of states with arbitrarily 
large values of the spin, for which the negative gyromagnetic coupling can be important even for 
weak magnetic flelds (for example, there are magnetic string models which become unstable for 




(4.22) 



16 



infinitesimal values of the magnetic field, sec sect. 6 in [3]). For strong magnetic fields, one needs 
to take into account 0{B^) effects where gravity gets into the game. Finding the full quantum 
spectrum in this case is in general highly complicated, but we have seen that the energy of quantum 
states with large spin can be obtained with a good accuracy by studying the classical dynamics. 
In non-supersymmetric backgrounds, this may signal potential instabilities by the presence of light 
states with large spin. 
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Appendix A Quantum spectrum 

Let us review the main points of the string quantization in the background (2.1). We refer to [3] for 
more details. The coordinate y satisfies the free equation d+d^y = 0. Write y — qr + mRa + y', 
where y' is single-valued and define 71.2 = Bi 2mR, taking < 7^ < 1. Introducing complex 
coordinates in the planes 1,2: Zi^2 = Xx^2 + = ri,2e*'^i'2 with tp'^ 2 — ¥'1,2 + -Bi,22/, one gets 
Zi = ZiR{T + a) + ZiL{T - u) where 

J^ZiRis) = iaioe^^'' + I a^Me'^''+'^'^' + ai,_fee'(-'=+^')« . (A.l) 

fe=i 

ZiL{s) has the same expression with Uik ciik and k + ji k — ji, and similarly Z* = Xi — iYi in 
terms of a*^ (R part) and a*^. (L part). Note that ZiR^Lip- = 27r) = e''^''^' ZiR^L{(T = 0). 

One then introduces annihilation and creation operators by bio = y^ajo , &|o = V^'^io ^^'^ 



Oik- = \ — ^ — cii.k , bL_ = \ — - — a,- fc , bik+ = \ — - — a,- _u , b k , = ' ' 



'ife- = Y -^—O-i^k , f ife- = Y —^Hk > Oik+ = Y —^H-k > Oife-F = Y -^—(^i-k > 

such that [bik±,b''jf.,_^] ~ Sijd^k' and similarly for the Left part. A similar construction holds for the 
fermionic coordinates. Here we will consider as an example the NS sector. In this case, the integer 
k is replaced by a half-integer number and therefore there is no fermionic zero mode. 
The angular momentum in the plane i is Ji = JiR + JiL with 



-^'^ = ~\ + 7i)(a*feaife + aika*ik) + JiR = -bl^ho - ^ + Y{b\^+bik+ - b\^_bik-) + J^r , 

k k>l 

•^i^ = ~ J ~ 7i)(aifcaife + aika*k) + = Hobio + ^ + J2^blk+bik+ - blJik-) + . 

k fc>l 

where jf^^ are the contributions of the fermionic coordinates in the plane i. Note that there is no 

fermionic analog of &|Q&io + \ - The momentum in the y direction is ^ = q + B\Ji ^ B^J^- 
One sees that 



E E (^^)' + "''^^fe) + = 27V« - ^ l^iJiR , 

k 
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E E (^^r ^''*ikaik + ~aika*k) + 2A^i = 2iVi + 27, J,^ , 

i k i 

where N'j^ ^ represent the contributions of the other coordinates and of the NS fermions before 
normal ordering, and Nji,l are the usual flat spacetime number operators including the contribution 
of every coordinate and of the NS fermions: Nn^^ ='■ Nr,l '■ ~l/2- The GSO projection implies 
^R,L > 0. From this we get 

a'M^ = + «'(^ - Bi - J2)' + 2{Nr + NL)-y2 '27i{JiR - JiL) , (A.2) 

where JiR,L = S.m,l T {Ur.l + 1/2) and ku. = Ul = bloho, representing the contributions of 

the Landau Levels in the plane i. Note the bounds 

kR,L > , \SiR,L ± S2R,l\ < Nr^l + 1 . (A.3) 

The bound for S^r^l can be saturated if in the plane 1 or 2 the fermionic modes 1/2+ or 1/2— are 
excited (and no other fermionic modes) plus possibly the modes 1+ or 1— (and no other bosonic 
modes). Prom (A.3) one can see that 

a'M2> ll^+a'(^-BiJi-B2J2)'+2(Arfl+Ar^)(l-V5)-(7i-72)(5iii-52fl-5iL + 52i) 

Therefore > for 71 =72, i.e. when B\ = B^. 

In general for B\ ^ B^ there can be tachyons. In particular, consider the case B2 = 0. Eq. (A.2) 
can be written as 

a'M2 = + ^^(rnn - 7i(5ifl + S^l)? + '^{Nr + Nl) + + liR + 1) - 27l(S'li^ - S^l) 

a! ymtiy 

From (A.3) one have \S\r^l\ < Nr^l + 1 • Take, for example, n = 0, m = 1, R"^ = a', Nr = Nl = 0, 
liL = liR = 0, Sir = 1, SiL = -1. We get 

a'M^ = 1 - 271 < , for 1/2 < 71 < 1 . 

Another interesting tachyonic state, appearing at Bi 7^ i?2 in a certain range of the parameters, 
is a state with Nl = 0. We take Nr = nm, Nl = 0, h^2L = h,2R = 0, Sir = nm + 1, Sil = —1, 
S2R = 0, S2L = 0, obtaining 

a'M^ = + ^(1 - 71))' - 2(71 - 72) . (A.4) 

It follows that can be negative only if 

Setting, for instance, m = 1, 71 = 1 — 1/no, B2 = 0, R= \fo! , one finds that becomes negative 
for no > 1 + n + {n -\- -\- v? . 

Note the difference with the true BPS case which occurs for B\ = B2, where in (A.4) becomes 
a perfect square. 
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Appendix B Rotating folded string 



Another class of widely studied quantum string states represents strings which arc folded and rotate 
in the non-compact plane ri,(pi. In addition, we will consider the case when it is wrapped in the 
compact dimension y with winding m > and zero momentum n. The corresponding ansatz is 

t = KT , ri = ri{a) , (pi = lot , y = mRa , (B.l) 

and r2 = ^2 = 0. We will consider this string in the model (3.2). It corresponds to a quantum state 
with 

Nr = Nl = N, Jiji = JiL=N, J2R = J2L = 0, (B.2) 

which gives 



a'M^ = 4:N + a' - BiJij , (B.3) 

where we assume Si > 0. We will now show that the classical energy of the solution (B.l) reproduces 
this formula. 

The Nambu-Goto Action is "S* = / drdaL where the Lagrangian L is 

L = -L.^(k2A - rlu;^){{dri/da)^A + m?^) + ?^ujmR . (B.4) 

We can formally consider a to play the role of "time" and solve for ri {a) by using the Hamiltonian 
formalism, where we define a "conjugate momentum" and the "Hamiltonian" by 

We call for short: 

/- YTifrf^' '^ITbM' A^--'HiP,n). (B.6) 

The important point is that A is constant. We find 



2 ^ {dri/duf 
^ {dri/daf+g^ 



' /g^ /TT 2^ . BirlmR 

{dn/day + 9 = "^^^- P = ITbM'" 



(B.7) 



givmg 



Therefore fg — {A — §^^0'^)'^ > 0, which is satisfied if 

'^^'^^M, rl,. -—^-^^, . (B.9) 

Note that (B.7) holds for arbitrary n and therefore it implies that 

A>0, A - Bir^{mRu) - ABi) > , (B.IO) 
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so that 



mRu) - ABi 



Birl 



\mRuj - ABi\ 



Some useful formulae, following from rewriting what said above, are: 



^-Jf B,rjmRu; \ _ \mRu^ - AB,\ r^^^ 



da 



= ±- 



M 



I mRu-ABi 



B,rl\ 



(B.ll) 

(B.12) 
(B.13) 



The energy of the state is 

1 f , dL K f , 

E = — da—- = 7 / da\ 

2tt J dn 2-Ka' J \ 



l{dn/day+g 



f 



K f , dri 1 

= - — 7 / da— 

zwa' J da p 



2nK 



Tra' \mRuj 



mR r 
■ij-ABi\ Jo 



dri 



UK 



2'Ka 
mR 



(B.14) 



- r'i a' \mRj - ABi\ ' 



Here we have used (B.13) with the + sign when r grows from to tm and we have assumed that the 
string is folded n times; a factor 4 appears because for n = 1 any point r\ of the string is obtained 
4 times as a goes from to 27r. 

We have still to require, using (B.13) and (B.ll), 



27r 



Jo ~ \mRuj-AB-^\ Jo 
A 



2-nn 
mR 



dri 



A - Birl{mRuj - ABi) 



mR\Jr 



\mRa)-ABx\ ^ 2 



(B.15) 



where e = sign(miia; — AB\). The formula (B.15) together with (B.9) gives 

K^m^R^ 2 _ 2 , (^^ , _^i^if^^ 



{mRuj - ABxf 



= rM + 



{mRjj - ABiY 



V n +^ 2 



and therefore 



B^r^ 



mR 

— + ' 2 



M 



(B.16) 



(B.17) 



Finally, one can express rf^ in terms of the angular momentum Ji : 



'{dn/daf +9 ^ BimRrl 



4;) 



2-Ka'\mRuj - AB 
n 2 



ilio 



dri 



-u^T'iinrt + Bir'i [A - BiriijiiBjj - ABi)) 
{l + BfriWri,-ri 



(B.18) 



Thus 



a'E^ = 2n\Ji\+a' BiJi 

^ a' 



mR 



(B.19) 



in agreement with (B.3). 
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